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A polygon P is called k-vertex guardable if there is a subset G of the vertices of P such
that each point in P is seen by at least k vertices in G . For the main results of this paper, it
is shown that the following number of vertex guards is suﬃcient and sometimes necessary
to k-vertex guard any simple n-gon P without holes: 2n/3 are needed for k = 2 if P is
any n-gon and 3n/4 are needed for k = 3 if P is any convexly quadrilateralizable n-gon.
The proofs for both of the results yield algorithms with O (n2) runtimes.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
For brevity, all polygons discussed in this paper are simple, and no two edges with a common vertex have collinear
vertices. The motivation for this work spawns from wireless sensor networks that require an object in a polygon to be
detected by at least k sensors in that polygon. Exemplary scenarios include the identiﬁcation of a device by k access points
in a wireless local area network or the detection of an object by k heat sensors. This work is also related to that of Patrice
Belleville et al. [1] where k-guarding polygons is addressed. In their paper, the guards are restricted to the interiors of edges
such that each edge contains at most one guard.
For k-vertex guarding polygons, the following situations are not discussed due to prior results or their triviality: (i) 1-
vertex guarding polygons (which refers to the original art gallery problem), (ii) 3-vertex guarding polygons, and (iii) 4-vertex
guarding convexly quadrilateralizable polygons. Here, a polygon is convexly quadrilateralizable if it can be decomposed
into convex quadrilaterals by diagonals. Notice that the set of all orthogonal polygons is a proper subset of all convexly
quadrilateralizable polygons, and such n-gons require that 2 divides n [2]. Situations (ii) and (iii) have optimal solutions of
n vertex guards. These two situations follow from short inductive proofs where after their base cases, an ear can be cut off
from a triangulation [convex quadrilateralization] and be reattached with an extra guard [two extra guards]. It is immediate
from Chvátal’s combs (including the orthogonal version) [2] that it is impossible to 4-vertex guard all polygons as well as
5-vertex guard all convexly quadrilateralizable polygons.
2. Two-vertex guarding simple polygons
The following presents a solution to the problem of two-vertex guarding simple polygons.
Proposition 1. For any n-gon P , 2n/3 vertex guards are suﬃcient and sometimes necessary to 2-vertex guard P . In particular, for
every triangulation T for P , there exists a guard set G that 2-vertex guards P such that
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(ii) each ear e of T has guards at both of the vertices of e in P\e.
Proof. Necessity of 2n/3 vertex guards will be shown by using a hooked version of Chvátal’s comb, which shows that
2n/3 is truly needed instead of 2n/3, which is less than or equal to 2n/3. For any m ∈ N, this hooked comb is
constructed for n = 3m + 2. An example is in Fig. 1 for n = 11. The vertices in black represent those with guards.
Fig. 1.
Suﬃciency will be shown by proving the proposition below:
Proposition 2. For any k ∈N, suﬃciency of Proposition 1 holds for n = 3k, 3k + 1, and 3k + 2.
Proof. Proceed by induction on k with k = 1. For the base case with n = 3, place 2 vertex guards for P . For n = 4, there are
at most 2 triangulations for P , each having exactly 2 ears. Pick any triangulation T for P . Placing 2 guards on the vertices
of the only diagonal in T then yields that Proposition 1 is satisﬁed. For n = 5, pick any triangulation T for P and notice that
there is a fan with 3 triangles and 2 ears. Place a guard at the fan’s center, and then place 2 guards at the other vertices on
the 2 diagonals in T . Altogether, this proves the base case for Proposition 2.
Suppose that Proposition 2 holds for some k > 1. It will be shown that it also holds for k + 1. First, let P be any
(3k + 3)-gon and pick any triangulation T for P and any ear e in T . Notice that P\e is a (3k + 2)-gon and so it satisﬁes
Proposition 1 by the induction hypothesis. The worst scenario is that the edge of e in common with P\e has only 1 guard
on one of its vertices by condition (i). In that case, place a guard at the vertex of e ∩ P\e that did not have a guard.
Now, reattach e to P\e to obtain P , which then shows that P also satisﬁes condition (ii). Notice that P uses at most
2(3k + 2)/3 + 1 = 2k + 2 = 2(3k + 3)/3 vertex guards, as needed.
If it’s assumed that Proposition 1 holds for any (3k + 4)-gon, then conditions (i) and (ii) of the proposition hold for
any (3k + 5)-gon under the same reasoning shown previously for any (3k + 3)-gon. Then, any (3k + 5)-gon uses at most
2(3k + 4)/3 + 1 = 2k + 10/3 = 2(3k + 5)/3 vertex guards, as needed.
So next, it will be proven that Proposition 1 holds for any (3k + 4)-gon P . This will be shown using the following
proposition due to Chvátal [2]:
Proposition 3. If P is any n-gon with n  6 and T is any triangulation for P , then T contains a diagonal d that cuts off 4, 5, or 6 edges.
In each case below, consider the subpolygon C cut off from the triangulation graph of a given triangulation T for P . The
small circle contained in the large circle represents the triangle connected to the remainder of the polygon. Note that C is
triangulated using the triangulation T chosen for P . Again, the black vertices in the ﬁgures indicate those with guards.
Although there may be several ways to prove Proposition 1, the following version is presented as it facilitates the con-
struction of the algorithm that follows the proof.
2.1. d cuts off 4 edges
Case 1. (Refer to Fig. 2.) Let C be the subpolygon that’s cut off and contains the 3 triangles outside of the (3k + 1)-gon P\C
(the large circle), and let t be the triangle of C that is adjacent to a triangle of P\C . The edge s of P\C common to t has a
guard on at least 1 of its vertices since P\C satisﬁes the induction hypothesis of Proposition 2. The worst situation here is
that there is only 1 guard on s. So, add 2 guards to the other vertices of t and adjoin C to P\C to obtain P . Thus, P uses at
most 2(3k + 1)/3 + 2 = 2k + 2 = 2(3k + 4)/3 vertex guards, as needed.
Fig. 2.
354 I. Salleh / Computational Geometry 42 (2009) 352–361Case 2. (Refer to Fig. 3.) As in Case 1, the edge s of P\C common to t has a guard on at least 1 of its vertices since P\C
satisﬁes the induction hypothesis of Proposition 2. The worst situation here is that there is only 1 guard on this edge.
Regardless of which vertex of s is guarded, placing 2 guards accordingly shows that P uses at most 2(3k + 1)/3 + 2 =
2(3k + 4)/3 vertex guards, as needed.
Fig. 3.
Case 3. (Refer to Fig. 4.) Similar to Case 2, consider the (3k+ 1)-gon, P\C . Then, the edge s common to C and P\C contains
at least 1 vertex guard. W.L.O.G., suppose that the bottom vertex of s has a guard. The worst situation here is that there is
only 1 guard on this edge. Placing 2 guards accordingly as shown below yields the result.
Fig. 4.
Observe that in the 3 cases above where 4 edges were cut off, adding at most 2 extra guards when the edges cut off are
rejoined shows that P is 2-vertex guarded.
2.2. d cuts off 5 edges
Omitting the cases where there is a diagonal cutting off 4 edges reduces to the following.
Case 4. (Refer to Fig. 5.) Removing the 2 triangles under t and the one above t in the ﬁgure below yields a (3k+ 1)-gon, P ′ .
Then, the edge common to t and P\C satisﬁes condition (ii) of Proposition 1. Therefore, adding 2 guards as shown below
when the 3 triangles are adjoined to P ′ shows that P satisﬁes Proposition 1 with P using at most 2(3k + 1)/3 + 2 =
2(3k + 4)/3 vertex guards, as needed.
Fig. 5.
Case 5. (Refer to Fig. 6.) Just as in Case 4, removing the 2 triangles under t and the one above t in the ﬁgure below yields a
(3k + 1)-gon, P ′ . Adding 2 guards appropriately and regaining P shows that P satisﬁes Proposition 1.
Fig. 6.
Observe that when 5 edges (and not 4) are cut off in the two cases above, adding at most 2 extra guards when rejoining
the edges cut off shows that P is 2-vertex guarded.
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Omitting the cases where there is a diagonal cutting off 4 and 5 edges reduces to the following. Here, let t be the only
triangle in C that is of degree 3 (in P ) such that t has a side common to P\C , of course.
Case 6. (Refer to Fig. 7.) Suppose that C is a fan with its center being a vertex of t . Remove the top ear and the two triangles
under t . This yields a (3k + 1)-gon P ′ , which satisﬁes condition (ii) of Proposition 1. Now, there is a guard at the center
of C and one at the top vertex of t . Placing 2 extra guards at the vertices (as shown below) establishes Proposition 1 for P
with P using at most 2(3k + 1)/3 + 2 = 2k + 2 = 2(3k + 4)/3 vertex guards, as needed.
Fig. 7.
Case 7. (Refer to Figs. 7 and 8.) In comparison to Case 6, suppose that one of the ears of C in the ﬁgure above was located
on the other side of the triangle that it is adjacent to as shown below. Removing the top ear and the two triangles under t
yields a (3k + 1)-gon P ′ , which satisﬁes condition (ii) of Proposition 1. There is now one guard at the center of C and one
at the top vertex of t . Placing 2 extra guards at the vertices shown establishes Proposition 1 for P with P using at most
2(3k + 1)/3 + 2 = 2(3k + 4)/3 vertex guards, as needed.
Fig. 8.
Case 8. (Refer to Figs. 8 and 9.) As in the ﬁgure above, suppose that the ears of C are conﬁgured as shown below. Remove C
from P , and call this (3k − 1)-gon, P ′ . Then, the edge common to P and P ′ in t will have a guard at one of its vertices.
W.L.O.G., let this guard be located at the top vertex in t as in the ﬁgure above. Then, adjoin C to P ′ to obtain P , and place
3 guards at the vertices shown below. Note that P satisﬁes conditions (i) and (ii) of Proposition 1 and P uses at most
2(3k − 1)/3 + 3 = 2k + 2 = 2(3k + 4)/3 vertex guards, as needed.
Fig. 9.
Observe that when 6 edges (and not 4 and 5) are cut off in the three cases above, there are two cases prompting the
addition of at most 2 extra guards and another case requiring the addition of at most 3 in showing that P is 2-vertex
guarded. Proposition 2 has now been proven, and so Proposition 1 holds. 
The previous proof yields the algorithm below for the placement of vertex guards so that P is 2-vertex guarded. Be-
ginning with a triangulation T0, the idea is to successively cut off portions of subpolygons (5-gons, 6-gons, or 7-gons) by
picking a diagonal that cuts off the least possible number of edges such that this number is 4, 5, or 6. This can be done
only a ﬁnite number of times until a 3-gon, a 4-gon, or a 5-gon is reached, for if a 6-gon is reached, then 4 edges can be
cut off to arrive at a triangle.
To simplify the presentation of the algorithm below, let t′ be the other triangle of P ′ in C as in Case 6 or 7, that is,
t′ := (P ′ ∩ C)\t. The subscript r for the triangles t and t′ below simply denotes the t and t′ at the rth iteration. The portion
Fr of each subpolygon Sr below is not necessarily a non-simple polygon, for it can be comprised of disjoint sets.
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1. Input: Any triangulation T0 for P .
2. Initialization: Let T := T0 and r := 0.
This ﬁrst while-loop determines the portion Fr or Sr to be cut off.
3. while T /∈ {3-gon, 4-gon, 5-gon} do
{
4. Pick a mr-gon Sr from T such that mr is as small as possible and
mr ∈ {5,6,7}.
5. Let r := r + 1. Next, go to exactly one of the following steps below.
if mr = 5
6. {T := T\Sr}. This is done for Case 1, 2, or 3.
if mr = 6
7. {Let tr be the triangle in Sr that is adjacent to a triangle in T\Sr .
Let Fr := Sr\tr and T := T\Fr}. This is done for Case 4 or 5.
if mr = 7
Go to exactly one of the 2 cases below.
{
8. Sr = C as in Case 6 or 7:
9. Let t and t′ be as in the appropriate case, 6 or 7.
10. Fr := Sr\(tr ∪ t′r) and T := T\Fr .
The above are for either Case 6 or 7.
11. Sr = C as in Case 8:
12. T := T\Sr .
}
}
13. Place guards for T as in the base case of Proposition 2.
This second while loop places the other guards for P .
14. while T = T0 do
{
The idea is to rejoin all the Fr or Sr cut off prior to obtaining the
current T . Here, extra guards are placed as in the proof of Proposition 2.
if mr = 5
15. {T := T ∪ Sr ; place at most 2 guards as in Case 1, 2, or 3.}
if mr = 6
This means that tr is in the current T .
16. {T := T ∪ Fr such that tr and Fr are rejoined, and place
appropriately at most 2 guards}.
if mr = 7
Go to exactly one of the 2 cases below.
{
The case below means that there are tr and t′r in the current T .
17. Fr was cut off as in Case 6 or 7:
18. T := T ∪ Fr such that tr ∪ t′r and Fr are rejoined. Place
appropriately at most 2 guards.
19. Sr was cut off as in Case 8:
20. T := T ∪ Sr . Place appropriately at most 3 guards.
}
r := r − 1.
}
Output: T . This reveals a 2-vertex guarded P .
Remark. Below is one way in which lines 6, 7, 8 and 11 can be implemented. The problem here is to show how a current Sr
in those lines can be matched with a subpolygon C that occurs in one of the cases for a given value of mr . Given mr and Sr ,
observe the triangulation graph of Sr from the current triangulation T . Match a triangulation graph of C to that of Sr . By
considering the triangle that each node represents in the triangulation graph of C , label the sides of each triangle of Sr and
observe the triangles of Sr sharing any labeled sides. This set of relationships is then compared to that of a possible C to
ﬁnd the matching C .
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In the proof of Proposition 2 for any (3k + 4)-gon P , observe that if d cuts off 4 or 5 edges, at most 2 extra guards can
be added when adjoining the edges cut off so that P is 2-vertex guarded. Likewise, if d cuts off 6 edges and not 4 and 5,
at most 3 extra guards can be added when adjoining the edges cut off so that P is 2-vertex guarded. So, it suﬃces to show
that this same procedure can be used for any n-gon P with n  6, that is, it must be shown that guards can be added as
mentioned above for any (3k + 3)-gon or (3k + 5)-gon.
Suppose that P is any (3k+3)-gon and d cuts off 4 edges. It suﬃces to show that adding at most 2 guards works, that is,
at most 2(3k + 3)/3 guards suﬃces to 2-vertex guard P . Well, cutting off 4 edges yields a 3k-gon P ′ , and adjoining P ′ to
the edges cut off and adding 2 guards (as dictated by the proof of Proposition 2) shows that at most 2(3k)/3+ 2 = 2(3k +
3)/3 guards suﬃce to 2-vertex guard P , as needed. If d cuts off 5 edges and not 4, then remove 3 triangles from C as in
Case 4 or 5. Next, adding 2 guards when the edges removed are adjoined shows that at most 2(3k)/3 + 2 = 2(3k + 3)/3
guards suﬃce to 2-vertex guard P . If d cuts off 6 edges and not 4 and 5 and C is as in Case 6 or 7, then remove 3 appropriate
triangles of C . Adding 2 guards appropriately when the edges are rejoined shows that at most 2(3k)/3+ 2 = 2(3k + 3)/3
guards suﬃce. If Case 8 applies, then at most 2(3k − 2)/3 + 3 = 2k + 1 < 2(3k + 3)/3 guards suﬃce.
Next, suppose that P is any (3k + 5)-gon and d cuts off 4 edges. Then, removing C and adjoining the 4 edges and
adding 2 guards shows that at most 2(3k + 2)/3 + 2 = 2k + 3 = 2(3k + 5)/3 guards is used, as needed. If d cuts off 5
edges and not 4, then remove 3 triangles from C as in Case 4 or 5. Adding 2 guards when the edges are rejoined shows
that at most 2(3k + 2)/3 + 2 = 2(3k + 5)/3 guards suﬃce. If d cuts off 6 edges and not 4 and 5 and C is as in
Case 6 or 7, then remove 3 appropriate triangles of C . Adding 2 guards when the edges are rejoined shows that at most
2(3k+2)/3+2 = 2(3k+5)/3 guards suﬃce. If Case 8 applies, then at most 2(3k)/3+3 = 2k+3 = 2(3k+5)/3 guards
suﬃce.
Therefore, all those cases in the proof of Proposition 2 can be used for any n-gon P with n 6, which means that each
iteration in the second while-loop of Algorithm 1 yields a current T that satisﬁes Proposition 1. Thus, when T returns to
become T0, a 2-vertex guarded P is revealed.
As for the runtimes in this paper, assume that geometric primitives run in O (1) time. The critical statements to analyze
in Algorithm 1 are lines 1 and 4; line 1 can be implemented in O (n logn) time [2] whereas line 4 can be implemented in a
runtime of O (n). Let us explore an implementation of line 4 that yields this result.
The goal here is to determine the runtime in ﬁnding a Sr . First, enumerate the chain of vertices in T from 0 to n − 1,
and label the diagonals in T as (x, y) such that x, y ∈ {0, . . . ,n − 1}. Note that both enumerations run in O (n) time. Let D
be the set of diagonals d = (x, y) ∈ T . For each diagonal d = (x, y) ∈ D below, traverse the vertices v starting from x towards
y in both clockwise and counterclockwise directions. Set u := 4, δ := 1, and then proceed with the following.
while u  6 do
{
Begin with the ﬁrst diagonal d in D .
while δ  |D| do
{
Move v u vertices from x towards y in the clockwise direction.
If v = y, then store the vertices traversed as d+(u) and exit this loop.
Move v u vertices from x towards y in the counterclockwise direction.
If v = y, then store the vertices traversed as d−(u) and exit this loop.
Else, move to the next diagonal in D and set δ := δ + 1.
}
u := u + 1.
}
Then, mr := min{u + 1|d+(u) = ∅ or d−(u) = ∅} with the minimum taken over u. Let μ be the value u and d(μ) a set of
vertices (d+(μ) or d
−
(μ)) for the associated minimum mr . Then, Sr is the subpolygon induced by d(μ) . Observe that the nested
loop above runs through all the diagonals in O (n) time. The outer loop runs through 3 iterations, and so the procedure to
ﬁnd a Sr runs in O (n) time. Lastly, since the number of iterations for each while-loop in Algorithm 1 is bounded by less
than n − 3, then Algorithm 1 runs in O (n2) time.
4. K-vertex guarding convexly quadrilateralizable polygons for K = 2 and 3
As a prelude to the other main result of this paper, which is the 3-vertex guarding of any convexly quadrilateralizable
polygon, let’s begin by quickly addressing the 2-vertex guarding of any convexly quadrilateralizable polygon P .
Proposition 4. For any convexly quadrilateralizable n-gon P , n/2 vertex guards are suﬃcient and sometimes necessary to 2-vertex
guard P . In particular, for any convex quadrilateralization Q for P , there exist two guard sets G1 and G2 that each can 2-vertex guard
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and G2 as the rest.
Proof. Necessity of n/2 can be shown by using the orthogonal version of Chvátal’s comb [2]. Suﬃciency is clear for n = 4.
Suppose that the proposition is true for some n > 4. Pick any convex quadrilateralization Q for any convexly quadrilateral-
izable (n + 2)-gon P . Clip off an ear e from Q , and notice that one of the vertices on the edge common to e and the n-gon
P\e has a guard from a given guard set, say G1 from a choice of G1 and G2. Adjoin e to P\e to obtain P and place a vertex
guard g in e so that each side of e contains exactly one guard. Then, setting Γ1 := G1 ∪ g shows that Γ1 2-vertex guards P .
Observe that had G2 been chosen instead of G1, there would be a vertex guard g′ = g in e and a guard set Γ2 := G2∪ g′ that
2-vertex guards P such that Γ1 and Γ2 are disjoint and Γ1 ∪ Γ2 is the vertex set of P . Clearly, the proposition is met. 
Thus, the proof above shows that the placement of guards runs in O (n) time. As a ﬁnale, let’s tackle the problem of
3-vertex guarding any convexly quadrilateralizable polygon by utilizing an analog to Chvátal’s observation (Proposition 3 in
this paper) below. The proof mirrors Chvátal’s proof for Proposition 3 [2], and so a short explanation will suﬃce.
Proposition 5. If P is any convexly quadrilateralizable n-gon with n  8 and Q is any convex quadrilateralization for P , then Q
contains a diagonal d that cuts off 5 or 7 edges.
Proof. Let d cut off a minimum number of edges that is at least 5. Let Q be any convex quadrilateralization for P and W
be the subpolygon containing the minimum number of edges (at least 5) that d cuts off; so, d is the only edge common to
P\W and W . Enumerate the vertices of P from 0 to n− 1 by picking one vertex of d as 0 with the other being j such that
the other vertices of W are less than j. Since a triangle can be drawn in D such that its base is d, then the third vertex of
the triangle is numbered between 0 and j, say v . By the minimality of the edges that d cuts off, it is true that 1 v  4
and 1 j− v  4, and so j  8. Since any convex quadrilateralization for any convexly quadrilateralizable n-gon has n/2−1
convex quadrilaterals, then each diagonal in the convex quadrilateralization cuts off an odd number of edges, which can be
shown by induction. Therefore, j is 5 or 7. 
With this in mind, the following observation is made, which solves the problem of 3-vertex guarding convexly quadri-
lateralizable polygons.
Proposition 6. For any convexly quadrilateralizable n-gon P , 3n/4 vertex guards are suﬃcient and sometimes necessary to 3-vertex
guard P . In particular, for any convex quadrilateralization Q for P , there exists a guard set that 3-vertex guards P such that
(i) each side of P contains at least one guard, and
(ii) each ear e of Q has guards at the vertices of e in P\e and one guard at any vertex of e not in P\e.
Proof. Necessity is established by using the orthogonal version of Chvátal’s comb [2] as illustrated in Fig. 10 for n = 12.
Suﬃciency can be found as in the proof of Proposition 2 for Proposition 1, and so Proposition 7 will be proven below by
induction.
Fig. 10.
Proposition 7. For any k ∈N, suﬃciency of Proposition 6 holds for n = 4k and 4k + 2.
Proof. The base case is shown in Fig. 11 with n = 6; it is clear for n = 4.
Suppose that the statement is true for some k > 1. Let P ′ be a convexly quadrilateralizable n-gon with n = 4k + 4. Pick
any ear e of P ′ and consider the (n−2)-gon P ′\e. Then, the edge s common to e and P ′\e has a guard at one of its vertices.
Adjoining e to P ′\e to regain P ′ and placing a guard at the unguarded vertex of s and another at a vertex of e not in P ′\e
shows that at most 3(4k + 2)/4 + 2 = 3k + 3 = 3(4k + 4)/4 vertex guards suﬃce, as needed. In the following, consider
any (4k + 6)-gon P and the diagonal d that cuts off the given number of edges below as well as the subpolygon C that d
cuts off. Also, the small circle in the large quadrilateral represents the quadrilateral w in P\C that connects C to P\C (the
large quadrilateral).
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Similar to the proof of Proposition 2, Proposition 7 will be proven by using Proposition 4 in the following way so as to
facilitate the construction of the algorithm that follows.
4.1. d cuts off 5 edges
Case 9. (Refer to Fig. 12.) Since w in P\C has a guard at one of the vertices of the edge common to C and P\C , then place 2
guards at the vertices of the edge s common to the two quadrilaterals of C . Next, adjoin C to P\C to obtain P and place a
guard at a vertex of the ear of P in C that is not in s. This shows that conditions (i) and (ii) of Proposition 5 are satisﬁed.
Also, at most 3(4k + 2)/4 + 3 = 3k + 4 = 3(4k + 6)/4 vertex guards are used, as needed.
Fig. 12.
Case 10. (Refer to Fig. 13.) The steps taken here are identical to the previous case except for the conﬁguration of C .
Fig. 13.
Observe that 3 vertex guards have been added in the cases above.
4.2. d cuts off 7 edges
Omitting the cases where there is a diagonal cutting off 5 edges reduces to the following.
Case 11. (Refer to Fig. 14.) Cut off the 2 ears of P in C . Notice that the remaining quadrilateral in C has 3 of its vertices
with guards since it is an ear for the (4k + 2)-gon P\(the 2 removed ears). Placing 3 vertex guards on the 2 removed ears
accordingly and adjoining C to P\C to obtain P shows that at most 3(4k + 2)/4 + 3 = 3k + 4 = 3(4k + 6)/4 vertex
guards are used, as needed. As expected, conditions (i) and (ii) of Proposition 5 are satisﬁed.
Fig. 14.
Case 12. (Refer to Fig. 15.) The steps taken here are identical to the previous case except for the conﬁguration of C .
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Observe that 3 vertex guards were added in the cases above. Proposition 7 has now been proven, and so Proposition 6
holds. 
Similar to Algorithm 1, the proof above can be implemented into the algorithm below with an O (n2) runtime. The idea
is to continually cut off portions (Fr or Sr) of each subpolygon Sr until a 4-gon or a 6-gon is met. Of course, arriving at an
8-gon means that 5 edges can be cut off to get a 4-gon.
Algorithm 2.
Input: Any convex quadrilateralization Q 0 for P .
Initialization: Let Q := Q 0 and r := 0.
while Q /∈ {4-gon, 6-gon} do
{
Pick a mr-gon Sr from Q such that mr is as small as possible and
mr ∈ {6, 8}.
Let r := r + 1.
Next, go to exactly one of the following steps below.
if mr = 6
Q := Q \Sr . This is done for Case 9 or 10.
if mr = 8
{Let qr be the quadrilateral in Sr that is adjacent to a quadrilateral
in Q \Sr . Let Fr := Sr\qr and Q := Q \Fr}.
This is done for Case 11 or 12.
}
Place guards for Q as in the base case of Proposition 7.
while Q = Q 0 do
{
All the Fr or Sr cut off prior to obtaining the current Q will be rejoined.
Here, extra guards are placed as in the proof of Proposition 7.
if mr = 6
{Q := Q ∪ Sr, and place at most 3 guards as in Case 9 or 10}.
if mr = 8
{Q := Q ∪ Fr such that qr and Fr are rejoined, and place appropriately
at most 3 guards as in Case 11 or 12.}
r := r − 1
}
Output: Q .
5. Correctness of Algorithm 2
In the proof of Proposition 7, recall that for any convexly quadrilateralizable n-gon P with n = 4k + 6, a portion of a
subpolygon was cut off and then at most 3 guards were added when the portion was reattached so that P is 3-vertex
guarded. So, it must be shown that the same procedure can be used in 3-vertex guarding any convexly quadrilateralizable
n-gon P with n = 4k + 4. If d cuts off 5 edges, then remove C to get a 4k-gon, P\C . Adding appropriately at most 3 guards
and rejoining C to P\C to get P shows that at most 3(4k)/4+ 3 = 3(4k + 4)/4 vertex guards have been used, as needed.
If d cuts off 7 edges and not 5, then removing 2 quadrilaterals from P as in the proof of Proposition 7 yields a 4k-gon.
Rejoining those quadrilaterals and adding appropriately at most 3 guards shows that at most 3(4k)/4 + 3 = 3(4k + 4)/4
vertex guards have been used, as desired.
6. Conclusion
In this paper, a generalization for the vertex guarding of simple polygons is presented. Inductive proofs were shown
to yield algorithms with O (n2) runtimes for 2-vertex guarding simple polygons and 3-vertex guarding simple convexly
I. Salleh / Computational Geometry 42 (2009) 352–361 361quadrilateralizable polygons. Amid these results, a much simpler one was met for the 2-vertex guarding of simple convexly
quadrilateralizable polygons, which can be done easily in linear time. Just as there is Fisk’s colouring argument as an
alternative to Chvátal’s proof for 1-vertex guarding simple polygons [2], it remains to be shown if there are other proofs
for the k-vertex guarding of simple polygons for k = 2 or 3. Algorithms with better runtimes are also sought for these
situations.
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